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Abstract 

An outgrowth of the idea of inflation is advanced. In the inflation regime, the singularity 
condition is broken. Equations which govern inflation are invariant under time reversal, so that 
they describe deflation as well. Those two observations suggest that inflation may be extended 
to the following process: deflation {t < 0) — minimum radius > (t = 0) — inflation {t > 0), 
with no singularity. A relevant construction is carried out in the framework both of classical 
and of reductive semiclassical gravity. The construction results in an eternal (— oo < t < oo) 
contracting-expanding closed universe. 
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Introduction 



In modern cosmology, it is generally taken that an essential stage in the time evolution of the 
universe is inflation [1-4]. Inflation is deflned by the inequality R := dPR/dt^ > 0, which, in 
view of the so-called Raychaudhuri equation [5] R/R = —{4:n>i/3){g+3p), reduces to g+3p < 0. 
{R is the scale factor, or the radius of the universe, g is the energy density, p is the pressure, 
and X = ^Planck is gravitational constant, c — h — 1.) 

In the simplest model {—p = g = const > 0) [2a, 3], R{t) = i?cnd cxp{iJ(t — tend)}, t < 
tend 5 H = a/ {8'Kx/3)g , whcrc the subscript end stands for the end of inflation. This result is 
obtained as a solution to the Friedmann equation, R^ + k = H^R^, with A; = (flat universe) 
or k — 1 (closed universe) and H'^R'^ :§> k. 

The idea of inflation has been introduced to overcome three classic cosmological problems 
[1] : flatness, horizons, monopoles. However, one of the most poignant problems that challenge 
cosmology is that of singularity [2]. 

For the FLRW universe, the singularity condition is of the form ^ -|- 3p > [5-7]. In the 
inflation regime, this condition is broken. 

Next, equations which govern inflation are invariant under time reversal, so that they de- 
scribe deflation as well. 

Those two observations suggest that inflation may be extended to the following process: 
deflation (t < 0) — -Rminimum(O) > — inflation (t > 0), where there is no singularity. 

Indeed, for the closed universe, there exists an exact solution to the Friedmann equation, 
R{t) = (l/H) cosh Ht, which describes the above process. This solution, to be sure, has been 
known [2a], which, however, has not brought about the idea of deflation: the solution has been 
considered only for Ht ^ 1 when R{t) oc e^* (inflation). 

In the present paper, a construction based on the above extension is carried out in the frame- 
work both of classical and of reductive semiclassical gravity [8] (the latter takes into account 
pseudomatter, which represents dark matter). Deflation-inflation is due to phase transitions 
in superdense matter, after which symmetry between the strong and electroweak interactions 
is restored/broken and a scalar fleld is created/annihilated. The energy density and pressure 
of the fleld ip with potential V{(p) are: g = (l/2)(^^ + V{ip), p = (l/2)(^^ — V{ip), so that 
g + 3p = 2[ip^ — V{ip)\ < 0. In the deflation-inflation regime, the symmetry holds and the 
inequality (p"^ — V {(p) < is fulflUed. 

The construction results in an eternal (— oo < i < oo) contracting-expanding closed universe 
with no singularity at t = (or any other time). The closure of the universe is essential; it is 
the consequence of the continuity of i? at t = 0. 

Sequential stages of time evolution are these: 

A : (-00, -t_),R < 0, i? > 0; perfect fluid : (-i_, -t+), R<0,R<0; 

scalar fleld : (-t+,t+), -R{t+) < R< Rit+), R > 0; 

perfect fluid : {t+, t^), R > 0, R < 0; A : (i_, oo), > 0, > 

where A is the cosmological constant. 
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1 The Robertson- Walker metric and matter 
1.1 The RW metric 

The standard models of modern cosmology are based on the assumption that the universe is 
isotropic about every point, which implies homogeneity. The resulting metric is the RW one: 



+r^(d^' + sin2^d0^) 



1 — kr^ 



A; =1,0,-1 (1.1.1) 



1.2 The energy- momentum tensor and matter equation 

The symmetry of spacetime results in the energy-momentum tensor of the form [1] 

T/uu ^ {g + p)uij,u^ - pg^u , ii,iy ^0,1,2,3 (1-2.1) 

with 

Ui^O, 1,2,3, ul^uou'^^l (1-2.2) 

The matter equation is of the form 

gj(.«») = -V^ (1.2.3) 

or 

Rq^3{q^p)R^^ (1.2.4) 

2 Deflation-inflation 

2.1 Definition 

The deflation-inflation stage of dynamics is defined by the following conditions: 

f{-t)^f{t), f^R,g,p (2.1.1) 

R{t)>0 for t G (-t+,t+), t+>0 (2.1.2) 

R{0) =: Ro = i^minimum > (2.1.3) 

2.2 Conditions for time derivatives at t = 

From (2.1.1) follows 

/(0) = 0, f = R,g,p (2.2.1) 
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2.3 Relations between p and g and dynamical equations for matter 

According to grand unified theories, in superdense matter phase transitions occur, after which 
symmetry between the strong and electroweak interactions is restored/broken, with the result 
that a scalar field (p is created/annihilated [2]. The energy density and pressure of a spatially 
homogeneous scalar field (p{t) with potential V{(p) in the RW spacetime take the form [1] 

Q-l'p' + Viif), P^l'f'-Viip) (2.3.1) 

In the deflation-inflation regime, the symmetry holds, so that pressure and density are related 
via the scalar field by (2.3.1). 

The matter equation (1.2.4) reduces to 

(p[Rip + 3R(p + RV'{ip)] = (2.3.2) 

where V'{(p) — dV/dcp. Thus, the dynamical equation for matter is either 

= (2.3.3) 

or 

+ 3Rip + RV'{ip) = (2.3.4) 

If both (2.3.4) and (2.3.3) hold, then 

V'{ip) = (2.3.5) 

Prom (2.3.3), (2.3.1) follows 

p — —Q — const (2.3.6) 
Conditions (2.1.1), (2.2.1) reduce to 

R[-t) = R{t), ip{-t) = ip{t) (2.3.7) 

R{0) = 0, (p{Q) = (2.3.8) 
In the regime outside of defiation-infiation, p and g are related by a state equation, 

p = p{g) (2.3.9) 

The dynamical equation for matter is (1-2.4) or the second order equation: 

Rg + 3{g + p)R+ (^1 + 3^^ Rg^Q (2.3.10) 
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3 Dynamics in classical gravity 

3.1 Dynamical equations and constraint 

The Einstein equations for the FLRW universe are [9] : 

2RR + R^ + k-AR^ + 8TTHpR'^^0 (3.1.1) 

3(i?^ + A;) - Ai?^ - STTx^i?^ = (3.1.2) 

where A is the cosmological constant. The dynamical equation is (3.1.1), and (3.1.2) is a con- 
straint on initial conditions [10]. Another dynamical equation is the one for matter (Subsection 
1.2). 

Note that had (3.1.2), (1.2.3) been used as dynamical equations [in place of (3.1.1), (1.2.3)], 
for the solution 

1 fSk 



the result 

P=-^f^-A) (3.1.4) 



would have failed. The point is that (3.1.1) follows from (3.1.2), (1.2.3) if and only ii R — 0. 
3.2 Deflation-inflation stage. Closed universe 

For the deflation-inflation stage of time evolution, from (3.1.1), (3.1.2), and (2.3.1) follows 

R = r^R (3.2.1) 

where 

r^ = -^[02-y(^)] + lA (3.2.2) 

so that 

> for i e {-t+, t+) (3.2.3) 

must hold. 

Prom (3.1.2) at t = follows 

7~)2 3/^ 3A^ k , -. 

° " A + Sttx^o " A + 87rxy(v?o) " r| ^ ' 

Thus, 

= 1 (closed universe) (3.2.5) 

— deflation-inflation is possible only in a closed universe. The closure condition is the conse- 
quence of the continuity of at t = 0. For A; = 0, we would obtain from (3.1.2) — i?(— 0) = 
i?(+0) > 0, which would result in ij(0) oc 5(0) in (3.1.1). 
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The dynamical equations are: 

"1 



2RR + R'^ + 1- AR^ + Sttx 



-02 _ v{^) 



R' ^0 (3.2.6) 



R(fi + Sitip + RV'{(p) = or = (3.2.7) 

with the initial conditions: 

(^(0) = (^o, Ro^^, <^(0) = 0, i?(0) = (3.2.8) 
i 

The constraint (3.1.2) is satisfied at t = 0. 

3.3 Dynamics outside of deflation-inflation stage 

Dynamical equations for 

t e (-00, -t+] U +oo) (3.3.1) 

are (3.1.1) and (1.2.4) [or (2.3.10)] with the constraint (3.1.2) and the state equation (2.3.9). 
Initial conditions ai t — t^ are: 

R{U) = R{u - 0), R(u) = R(t+ - 0), Q{t+) = Q(t+ - 0) = ^[^(u - 0)]' + v(^(u - 0)) 

(3.3.2) 

[If (2.3.10) is used, g{t+) is determined by the constraint (1.2.4).] The constraint (3.1.2) is 
satisfied ai t = t+. 

3.4 The simplest model: r=const 

Put 

(^2 _ v{ip) = -b^ = const for t G (-t+, t+), < t+ < t+ (3.4.1) 

whence follows 

[2(^ - V'{ip)]ip = (3.4.2) 

The equation 

2y3 - V'{ip) = (3.4.3) 
would result, in view of (3.2.7), in two equations for ip, so that we have 

(^ = 0, ip^ipo b^^V{ipo) (3.4.4) 



and 
Now 

and we obtain 



V'iipo) = (3.4.5) 
= ^-^V{^o) + (3.4.6) 
R=f cosh n, R = sinh Ft for t e (-t'+, ^'+) (3-4-7) 



3.5 The A stage 

Since 

qR^^O, pR^^O iovR^oo (3.5.1) 
equations (3.1.1), (3.1.2) for i? — > oo reduce to 

2RR + R^ + 1-AR^ ^0 (3.5.2) 

3(i?^ + 1) - AR^ = (3.5.3) 



whence follows 



so that 



R - ^AR = (3.5.4) 
R = c+eV^ * + c_e- 1 (^355) 



and by the constraint (3.5.3) 



R = cosh y/A/3 t, i? = sinh ^^A/3 t for t ^ ^00 (3.5.6) 

3.6 The conventional inflation 

In the framework of the simplest model, the conventional inflation corresponds to 



A = o, H^r^f-^, rt»i (3.6.1) 

Rit) = le^* (3.6.2) 
Thus, we have constructed an extension of the conventional inflation. 

4 Dynamics in reductive semiclassical gravity 

4.1 Dynamical equations, constraint, and pseudomatter 

The extended Einstein equations for the FLRW universe are [8]: 

2RR + Ff + k- AR^ + 87rxpi?^ = (4.1.1) 

3(i?^ + A;)-Ai?2-87rx(^ + £)i?2 = (4.1.2) 

where e is the density of pseudomatter, which represents dark matter. 
Prom (4.1.1), (4.1.2) follows 
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which, in view of (1.2.3), results in 

B 

£ = — , S = const (4.1.4) 

In view of (4.1.3) and (1.2.3), the only possibility for e is (4.1.4), so that (4.1.3) is, in fact, 
independent of the Einstein equations. Therefore the dynamical equation is (4.1.1), whereas 
(4.1.2) is a constraint on initial conditions. Another dynamical equation is that for matter 
(Subsection 2.3). 

4.2 Deflation-inflation stage. Closed universe 

Prom (4.1.1), (4.1.2), and (2.3.1) follows 

R^T'^R (4.2.1) 



= -^[(P + e) + 3p] + = (2[0^ - V{^)] + 41 + (4.2.2) 



with 

3 LVA^ / /^j 3 3 i ^^'^ R^j 3 

The inequality 

> for t e i-t+,t+) (4.2.3) 

must hold. 

From (4.1.2) at t = follows 

° " A + 87ix{go + eo) " A + 87r^[V{ipo) + B/R^] ^''^ 
Thus, k ^ and, since A; = —1 is of no interest, 

k — 1 (closed universe) (4.2.5) 

i.e., deflation-inflation is possible only in a closed universe. 
In fact, (4.2.4) determines B: 



B = Rq 
The dynamical equations are: 



2RR + R^ + 1- AR^ + Sttx 



(4.2.6) 



R^ = (4.2.7) 



R(p + 3R(p + RV'{ip) = or = (4.2.8) 

with the initial conditions: 

ip{Q) = ipo, 0(0) = 0, RiO)=Ro, i?(0) = (4.2.9) 

The constraint (4.1.2) is satisfied at t — 0. 
The pseudomatter density is: 

6 = (4.2.10) 

where B is given by (4.2.6). 
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4.3 Dynamics outside of deflation-inflation stage 

Dynamical equations for 

t e (-00, -t+] U +00) (4.3.1) 

are (4.1.1) and (1.2.4) [or (2.3.10)] with the constraint (4.1.2) and the state equation (2.3.9). 
Initial conditions for t = ±t_|_ are: 

R(±t+) = R(±t+ T 0), R(±t+) = R(±t+ T 0), 
g{±U) = g{±t+ T 0) = l[cp{±U T 0)]^ + V{<p{±U T 0)) (4.3.2) 

The constraint (4.1.2) is satisfied at t — ±t+. 
The pseudomatter density is: 

. = 1 (4.3.3) 

with B given by (4.2.6). 

4.4 On the model with r=const 

Consider the possibility of the equality 

^ + £ + 3p = -6 = const (4-4.1) 



in which case 

Prom (4.1.3) we obtain 



or 



whence 



= const (4.4.2) 
pR+(b + 2p)R^0 (4.4.3) 



dp dR ^ 

+ — = (4.4.4) 



b + 2p R 

P=^-\ (4.4.6) 



Now, from (4.4.1) and (4.4.5) follows 

■) -I- n"! -I- 

B? 



^ + + 4 + ^ = (4.4.6) 



I.e., 

r, B 2a / . . _x 

^+JP + iP=« (44.7) 

We have (4.2.8) and (4.4.7): two equations for [if T^const, then R = (l/r)coshn]. Thus, 
(4.4.1) is impossible. 
Now consider the case 

= 0, ^p^^Pq, Vi^po) =0 for i e {-t' t'), 0<t'< t+ (4.4.8) 
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The dynamical equation (4.1.1) reduces to 

2RR + + 1 - AR^ - 87rKV(ipo)R^ = (4.4.9) 
Equivalently, from (4.1.1), (4.1.2) we obtain 



R 

with 
If 
then 



Sttx^^, , 1 , 



n-'-^ (4.4.10) 

R(0) = Ro, R{0) = (4.4.11) 

B < 2V{(po)Ro (4.4.12) 

R{t) f« R{t) (4.4.13) 

^(t) = icothn, r^^^VM + l^ (4.4.14) 
Note that (4.4.9) is satisfied by (4.4.14), but (4.4.2) is satisfied only if S = 0. 

4.5 The A stage 

We have 

qR^ 0, -^R^ 0, pR^ fori? ^ 00 (4.5.1) 
so that (4.1.1), (4.1.2) for it! ^ 00 reduce to 

2RR + i?2 + 1 - Ai?2 = (4.5.2) 
3(i?^ + 1) - Ai?2 = (4.5.3) 

whence it follows that 

R = cosh ^/A/3 t, i? = sinh ^/A/3 t for i ^ ^00 (4.5.4) 

5 Dynamics of the eternal closed universe 
5.1 Stages of time evolution 

The closed universe with deflation- inflation is eternal with R{t) > 0. Sequential stages of its 
time evolution are these: 

A : (-00, -t_), R<0,R>0; perfect fluid : (-t_, -t+), i? < 0, i? < 0; 
scalar field : (-t+, t+), -i?(t+) < R< R{t+), R > 0; 

perfect fluid : (t+, t-), R > 0, R < 0; A: (t_, 00), i? > 0, i? > (5.1.1) 
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5.2 No singularity and no quantum gravity epoch 

Since 

-Rminimum = -R(0) > and R{t) <oo for — oo<t<oo (5.2.1) 

there is no singularity at t = or any other time. 
According to the present epoch data, 

e{U) « g{U) (5.2.2) 

so that, by (4.4.14), 

i^minimum « p « ^ 87rxy((^o) ^ ^^"^-^^ 

Put [1] 

^0 = (lO^^GeV)^ (5.2.4) 

then 

i^minimum = 2.78 X 10"^^ SeC > 5.39 X 10-^^ sec = ipia^ck (5.2.5) 

In this sense, there has been no quantum gravity epoch; the entire spacetime is described 
classically. 

5.3 Initial conditions at i ^ — oo 

We have exploited initial conditions at t — 0. It may be of interest to relate them to — oo, when 
R oo. 

In reductive semiclassical gravity, the dynamical equations are: 

2RR + R'^ + k- KR^ + S-KxpR^ = (5.3.1) 

and the constraint is: 

2>{R^ + k)- AR^ - Snxig + —)R^ = (5.3.3) 



(In classical gravity, B — 0.) 
Prom (5.3.2) follows 



^_^d(^ 



and we need to determine q{R). [q{R) and p{R) imply a state equation, p = p{q)] 
We have for a particle energy [7] : 



whence 



a; = m + f 4) 0), = 4 = 0) for i? ^ oo (Big Cold) (5.3.6) 

ZiTTl \R J R 
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We obtain 

Q = ^•mass + ^Imassless ^(;^ + ;^J+;^ fori?-^CX) (Big Cold Void) (5.3.7) 

and 

Now, introduce 

^in := ^initial < 0, |tin| ^ OO, Ri^ := R{tin) ^ OO (5.3.9) 



From (5.3.3) follows 



AR-^ + StTX ( ^in + ^ 

R, 



1/2 

1 } (5.3.10) 



Denote by R(t,ti^) the solution to (5.3.1) with p (5.3.8) and the initial conditions (i?in,-Rm)- 
Again, determine i?in by the condition 

f?(0,tin)=0 (5.3.11) 

An actual dynamics is this: 

R{t) = R{t,-oo) := lim i?(t,tin) (5.3.12) 
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